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Abstract
It was shown by Hunt and Hirschhorn (J. Combin. Theory. Ser. A 39 (1985) 1) in 1983 that
an equilateral convex pentagon tiles the plane if and only if it has two angles adding to 2p or it
is a uniquely determined pentagon with special angles. Their proof is based on studying all the
points of intersection of 100 curves. In this paper we provide an alternative demonstration of
this result. Our approach is based on an observation deduced from Euler’s theorem for plane
graphs. Even though the new approach does not eliminate sorting completely, it reduces it
substantially to a small number of trigonometric equations that have been solved with
‘Maple’.
r 2003 Elsevier Inc. All rights reserved.
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1. Introduction
A polygon P tiles the plane if there exists a cover of the plane by congruent images
of P such that no two polygons in this cover have overlapping interiors. Such a cover
T is called a tiling and the polygon P is called its prototile.
It is well-known that a convex polygon with more than six sides does not tile the
plane. It is easily seen that all triangles and quadrilaterals tile the plane. Hexagonal
tilings have been classiﬁed by Reinhardt [4] who described all convex hexagons that
tile the plane. They split into three categories.
The problem of classifying the convex pentagons that tile the plane is still open.
Fourteen types of such pentagons have been discovered but it is unknown whether
ARTICLE IN PRESS
E-mail address: ogb@km.ru.
0097-3165/$ - see front matter r 2003 Elsevier Inc. All rights reserved.
doi:10.1016/j.jcta.2003.11.002
the list is complete. In [5] Doris Schattschneider listed 13 types out of the 14,
including three types of equilateral convex pentagons. See also [2]. To describe
equilateral convex pentagons we assume that their side length is 1 and their angles
are denoted, respectively, by x0; x1; x2; x3; x4 (counterclockwise). Then the three
categories of equilateral convex pentagons that tile the plane can be described as
follows:
(I) The sum of two adjacent angles of a pentagon equals 180:
(II) The sum of two non-adjacent angles of a pentagon equals 180:
(III) The angles of a pentagon satisfy the following linear system:
x0 þ 2x1 ¼ 360;
x2 þ 2x4 ¼ 360
with the unique solution
x0 ¼ 70:88; x1 ¼ 144:56; x2 ¼ 89:26; x3 ¼ 99:93; x4 ¼ 135:37:
(Here and in the future, an angle measure with a decimal point indicates
approximate equality.)
It has been shown by Hunt and Hirschhorn [3] that this list of equilateral convex
pentagonal tiles is complete.
Theorem 1.1 (Hunt and Hirschhorn [3]). An equilateral convex pentagon tiles the
plane if and only if it has two angles adding to 180; or it is the unique equilateral
convex pentagon with angles x0; x1; x2; x3; x4 satisfying the following linear system:
x0 þ 2x1 ¼ 360;
x2 þ 2x4 ¼ 360;
x0 þ x2 þ 2x3 ¼ 360
(where each of the three equations is a consequence of the other two).
We reproduce the key idea of the proof given in [3].
Pick an arbitrary tile from a tiling of the plane by congruent equilateral convex
pentagons. Its angles satisfy ﬁve linear equations of the form
X4
i¼0
mixi ¼ 360;
where the coefﬁcients mi are non-negative integers. Since the pentagon is convex and
equilateral, its angles also satisfy the inequalities
arccos
7
8
oxio180; i ¼ 0;y; 4;
whence
3p
X4
i¼0
mip12:
ARTICLE IN PRESS
O. Bagina / Journal of Combinatorial Theory, Series A 105 (2004) 221–232222
The authors analyze these systems of equations by sorting them out for all
mi ¼ 0;y; 12 and i ¼ 0;y; 4: Some further restrictions allow them to reduce the
analysis to 100 cases.
2. Alternative proof of Theorem 1.1
We provide an alternative approach to the proof of Theorem 1.1.
Let T be a tiling of the plane by equilateral convex pentagons and let P be its
prototile. The valence of a vertex in the tiling is the number of tiles meeting at the
vertex. Clearly the valence of each vertex in the tiling is at least 3.
Our proof of Theorem 1.1 is based on the following observation:
Proposition 2.1. In each edge-to-edge tiling of the plane by uniformly bounded
pentagons, there exists a tile with at least three vertices of valence three.
We make use of a general fact that holds for tilings the plane by arbitrary polygons.
Let T be a tiling of the plane by polygons that are uniformly bounded, that is, there
exist real numbers s40 and r40 such that each tile in T contains a disk of radius s
and is contained in a disk of radius r: Let U be a ﬁnite union of polygons from T and
let GðUÞ; gðUÞ; and wðUÞ stand, respectively, for the number of inner polygons in U ;
the number of boundary polygons in U ; and the Euler characteristic of U :
Lemma 2.2 (Delone et al. [1]). Let T be a tiling of the plane by polygons that are
uniformly bounded. Then there exists an infinite sequence Ui; i ¼ 1; 2;y; of finite
unions of polygons from T such that
(1) GðUiÞ-N; as i-N;
(2) gðUiÞ=GðUiÞ-0; as i-N;
(3) wðUiÞ ¼ 1 for all i:
We provide for completeness a proof of Lemma 2.2.
We consider a closed disc D of radius R in the plane with R4r and the polygons
from the tiling which intersect the disc. Let A be the set of those polygons contained
in the disc and let B be the set of those polygons meeting the disc but not contained
in it. There may be some ‘holes’ in the connected region covered by all tiles in A and
B: ‘Holes’ are linearly connected domains covered neither by the polygons from A
nor by the polygons from B: Let C be the set of those polygons covering these
‘holes’. Deﬁne UR ¼ A,B,C: The polygons from A are inner in UR and they cover
the concentric disc of radius R  r; therefore,
GRX
pðR  rÞ2
pr2
;
where GR is the number of inner polygons in UR: The boundary polygons in
UR belong to B,C and they lie in the annulus between the circles of radii R þ r
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and R  r: Therefore,
gRp
4pRr
ps2
;
where gR is the number of the boundary polygons in UR:
When s and r are ﬁxed we have
GR-N;
gR
GR
p4pRr
ps2
r2
ðR  rÞ2-0; as R-N:
Since the area which is covered by the polygons from UR has no ‘holes’, we have
wR ¼ 1; completing the proof of Lemma 2.2.
Proof of Proposition 2.1. Suppose that no pentagon in the tiling has at least three
vertices of valence 3, that is, each pentagon from the tiling has at most two vertices of
valence 3.
With Ui as in Lemma 2.2 we put Gi ¼ GðUiÞ; gi ¼ gðUiÞ; and wi ¼ wðUiÞ; where
wi ¼ fi  ei þ vi; fi is the number of faces, ei is the number of edges, vi is the number
of vertices. We evaluate wi by summing the shares contributed to wi by individual tiles
as follows: if a vertex belongs to a tiles from Ui; then the share of each of these tiles
for this vertex is 1a: Since the tiling is edge-to-edge, every inner tile in Ui has an
adjacent tile for each of its edges so this tile contributes 1=2 for each edge. At the jth
vertex of the kth tile akj tiles from Ui meet. Thus the contribution of each inner tile
to wi is
1 5
2
þ 1
ak1
þ?þ 1
ak5
;
where the cycle ðak1 ;y; ak5Þ may vary for different tiles of the tiling. The share
contributed to wi by all the inner tiles is
Gi 1 5
2
 
þ
X 1
ak1
þ?þ 1
ak5
 
;
where the sum is taken over the inner tiles. The share contributed to wi by all the
boundary tiles is
gið1þ 5yiÞ; jyijo1;
where 5yi is the difference between the contributions of the vertices and the edges of
all boundary tiles. Since wi ¼ 1; we have
Gi 1 5
2
 
þ
X 1
ak1
þ?þ 1
ak5
 
þ gið1þ 5yiÞ ¼ 1:
Dividing this equality by Gia0 we obtain
1
Gi
X 1
ak1
þ?þ 1
ak5
 
¼ 3
2
þ 1
Gi
 gi
Gi
ð1þ 5yiÞ:
If we substitute 3 for two of the valences akj in this equation and 4 for the other three
valences, then the left side of the equation can only be increased.
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Hence
1
Gi
X 1
ak1
þ?þ 1
ak5
 
p 1
Gi
X 3
4
þ 2
3
 
¼ 17
12
:
Thus
3
2
þ 1
Gi
 gi
Gi
ð1þ 5yiÞp17
12
or
1
Gi
 gi
Gi
ð1þ 5yiÞp 1
12
:
Since Gi-N and
gi
Gi
-0; as i-N; we have 0p 1
12
: A contradiction completes the
proof. &
Proof of Theorem 1.1. Suppose that a tile of a tiling is not of category I or II. Then
the tiling must be edge-to-edge, otherwise, the pentagon would have two angles
adding to 180:
By Proposition 2.1 we pick a tile in the tiling with at least three vertices of valence
3. We may assume that this tile has no vertices at which three distinct angles meet,
otherwise, the sum of the two remaining angles would be 180; that is, the tile would
be of category I or II. Hence the vertices of valence 3 satisfy one of the following
relations:
xi þ 2xj ¼ 360; i; j ¼ 0;y; 4:
Since an equilateral convex pentagon with three angles of 120 cannot exist, at least
one of these relations must have iaj; and the following two cases can occur:
(1) Two adjacent angles are involved in the above relation.
(2) Only non-adjacent angles are involved in the above relation.
Case 1: We may assume that x0 þ 2x1 ¼ 360:
It then follows that x0 þ 2+x0x1x4 þ 2+x4x1x2 ¼ 360; but x0 þ 2+x0x1x4 ¼
180; hence +x4x1x2 ¼ 90: Wx4x1x2 is a right triangle.
We introduce the following notation: x0 ¼ 2a; x3 ¼ 2b; +x1x4x2 ¼ g; x1x4 ¼ a;
x2x4 ¼ b: See Fig. 1. Then
sin g ¼ 1
b
; cos g ¼ a
b
; sin a ¼ a
2
; sin b ¼ b
2
: ð1Þ
In Wx4x1x2; b
2 ¼ a2 þ 1: From (1), we have b2 ¼ 4 sin2 b and a2 ¼ 4 sin2 a; that
yields
cos 2bþ 1
2
¼ cos 2a:
We express the angles of the tile in terms of a; b; g:
x0 ¼ 2a; x1 ¼ 180  a; x2 ¼ 180  b g; x3 ¼ 2b; x4 ¼ 180  a bþ g:
ð2Þ
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Making use of (1) and the formula relating a and b we express the angles b and g in
terms of a:
g ¼ arccos sin aﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sin2 aþ 1
4
r
0
BB@
1
CCA; b ¼ arcsin
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sin2 aþ 1
4
r !
: ð3Þ
It follows from (3) that
0oao60; x0o120; 120ox1o180;
60ox2p90; 60ox3o180; 60ox4o180:
Since the tile has at least three vertices of valence 3 and has no vertex at which
exactly three distinct angles meet, there must be at least one additional relation of
this kind:
xi þ 2xj ¼ 360; i; j ¼ 0;y; 4;
where i ¼ 0 and j ¼ 1 cannot occur simultaneously.
By sorting out all i; j ¼ 0;y; 4; we obtain 24 more equations xi þ 2xj ¼ 360: We
thus have 24 systems of two distinct equations:
x0 þ 2x1 ¼ 360;
xi þ 2xj ¼ 360:
ð4Þ
We make substitutions (2) and (3) in the second equation of the systems and ﬁnd a:
Then the angles xi; i ¼ 0;y; 4 of the pentagon can be determined by formulas (2)
and (3).
By eliminating identical systems (systems with the same solutions up to reordering
the vertices), we obtain 18 distinct systems of equations.
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These systems are displayed in Table 1, in which identical systems have been
represented by a single system and distinct systems are separated by a horizontal line.
In the ﬁrst column we enumerate the systems of equations. In the second and third
columns we put the indices i and j of the second equation in system (4). In the fourth
column we put the approximate value of a; whenever the corresponding system has a
solution and we put a dash otherwise. From the ﬁfth to the ninth columns we put the
values (approximate as a rule) of the angles of the pentagon. In the tenth column we
put the relations of the form
P4
i¼0 mixi ¼ 360 that are implied by the given system
of equations and the equation
P4
i¼0 xi ¼ 540: In the last column we put the category
of the pentagon. If the relations imply that the bounds on angles are not satisﬁed or
the pentagon cannot tile the plane in the manner assumed, then in the last column we
put a dash.
We observe by simple computations that 8 systems out of the 18 have no solutions.
We now show this, identifying each system by its number in the ﬁrst column of
Table 1. We omit the ﬁrst equation x0 þ 2x1 ¼ 360 of the systems.
(1) If 3x0 ¼ 360 or 3x1 ¼ 360 or x1 þ 2x0 ¼ 360; then x1 ¼ x0 ¼ 120 and
a ¼ 60; a contradiction.
(2), (5), (15), (17): Since x2p90; the equation xi þ 2x2 ¼ 360 implies xiX180:
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Table 1
N i j a (deg) x0 (deg) x1 (deg) x2 (deg) x3 (deg) x4 (deg)
P4
i¼0mixi ¼ 360 (deg) cat
1 0 0 60 120 120 60.0 180 60.0 — —
1 0
1 1
2 0 2 — X180 — — — — — —
3 0 3 49.4 98.7 130.7 81.3 130.7 98.7 2x2 þ 2x4 ¼ 360 II
4 1 2x2 þ 2x0 ¼ 360
4 3
4 0 4 30.0 60.0 150.0 90.0 90.0 150.0 2x2 þ 2x3 ¼ 360 I
5 1 2 — — X180 — — — — —
4 0
6 1 3 40.6 81.2 139.4 87.3 110.3 121.8 2x0 þ x2 þ x3 ¼ 360 —
7 1 4 44.3 88.6 135.7 85.2 118.4 112.1 — —
8 2 0 — X135 — — — — — —
9 2 1 43.0 86.0 137.0 86.0 115.5 115.5 — —
10 2 2 — — — 120 — — — —
11 2 3 53.2 106.3 126.9 77.3 141.3 88.2 x0 þ x2 þ 2x4 ¼ 360 —
3 4 38.7 77.3 141.3 88.2 106.3 126.9 x0 þ 2x2 þ x3 ¼ 360
12 2 4 35.4 70.9 144.6 89.3 99.9 135.4 x0 þ x2 þ 2x3 ¼ 360 III
13 3 0 54.0 108.0 126.0 76.3 144.0 85.7 — —
14 3 1 — — — — — — — —
15 3 2 — — — — X180 — — —
16 3 3 45.0 90.0 135.0 84.7 120.0 110.3 4x0 ¼ 360 —
17 4 2 — — — — — X180 — —
18 4 4 41.3 82.5 138.7 87.0 111.7 120.0 — —
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(8) x2 þ 2x0 ¼ 360: Since x2p90; this equation yields x0X135; but x0o120:
(10) 3x2 ¼ 360: Impossible since x2p90:
(14) x3 þ 2x1 ¼ 360: Therefore, x0 ¼ x3; impossible since (1) implies aab:
For three of the remaining systems, we verify by simple computations that there
exists a unique solution which determines a pentagon of one of the three categories
mentioned in our introduction. Indeed,
(3) x0 þ 2x3 ¼ 360; hence x1 ¼ x3: Since x0 þ x1 þ x2 þ x3 þ x4 ¼ 540; we have
x2 þ x4 ¼ 180; that is, the pentagon is of category II.
(4) x0 þ 2x4 ¼ 360; hence x1 ¼ x4: Since x0 þ x1 þ x2 þ x3 þ x4 ¼ 540; we have
x2 þ x3 ¼ 180; that is, the pentagon is of category I.
(12) x2 þ 2x4 ¼ 360; hence x1 ¼ 180  x0
2
; and x4 ¼ 180  x2
2
: Since x0 þ x1 þ
x2 þ x3 þ x4 ¼ 540; we have x0 þ x2 þ 2x3 ¼ 360; that is, the pentagon is of
category III.
The solutions shown in Table 1 for the seven remaining systems were found with
analytic calculations using ‘Maple’.
It remains to show that the pentagons that have been determined by systems 6, 7,
9, 11, 13, 16 and 18 cannot tile the plane in a manner in which angles x0; x1; x1 come
together at a vertex of the tiling.
At one vertex of the tiling two angles x1 and angle x0 meet, and all possible
labelings of angles in the three pentagons that come together at this vertex are show
in Fig. 2, where z ¼ x0 and y ¼ x2; or z ¼ x2 and y ¼ x0: To show a tiling is
impossible, one only needs to show for each of the cases (1)–(4) that one of the angles
labeled A; B or C does not equal one angle or a sum of angles in the pentagon. Since
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the angles of the pentagon are completely known (see Table 1), this is easily done by
computation.
For example, in system 6 the pentagon’s angles are x0 ¼ 81:2; x1 ¼ 139:4; x2 ¼
87:3; x3 ¼ 110:3; x4 ¼ 121:8: In (1) A ¼ 157:0; in (2) A ¼ 150:9; in (3) C ¼
157:0 or 150:9 and in (4) A ¼ 133:3: Clearly none of these values is a sum of angles
in the pentagon.
Similar computations for systems 7, 9, 13, 16, 18 and the second case of 11
(equation x3 þ 2x4 ¼ 360) quickly show these pentagons cannot tile in the manner
prescribed.
System 11 with equation x2 þ 2x3 ¼ 360 takes a bit more argument. For this
system, in (1) B ¼ 2x4 and C ¼ 155:8; or B ¼ 205:4 and C ¼ x1; in (4) A ¼ 155:8;
in both cases, the numerical values cannot be a sum of angles in the pentagon. But in
(2) it is possible for A ¼ x0 þ x4; B ¼ 2x4; C ¼ x1; and in (3) it is possible for A ¼ x1;
B ¼ 2x4; C ¼ x0 þ x4: We need to extend the patch of three tiles to obtain the
impossibility of tiling.
Consider the arrangement of x0 and x4 at A; see Fig. 3. At the vertex with
x3; the remaining angles must add to 360
  x3 ¼ 218:7; and x2 þ x3 is only
possibility. Then r ¼ x3 and s ¼ x2; so t ¼ x1 or x3: But then 360  x4  t ¼ 144:9
or 130:0; and no combination of angles in the pentagon equals these values.
If, in the diagram, x0 and x4 are interchanged at A; then r ¼ x1 or x4: But no
angle sum with x3 and x1 or x3 and x4 equals 360
; so the tiling cannot be
continued.
The diagram for (3) can be obtained from the above diagram for (2) by replacing
C by A and A by C; so the argument for (2) shows (3) is also impossible.
In system 12 the tile is of category III. The tiling by such a tile is shown in [3].
Case 2: In this case we can assume that x0 þ 2x2 ¼ 360: See Fig. 4.
We set x0 ¼ 2a; x2 ¼ 2b; +x4x1x3 ¼ g; x1x4 ¼ a; x1x3 ¼ b:
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Then the pentagon is uniquely determined by the angle a with
sin a ¼ a
2
; cos
a
2
¼ sin b ¼ b
2
; cos g ¼ a
2 þ b2  1
2ab
;
cos t ¼ a
2 þ b2 þ 1
2b
; cos y ¼ a
2  b2 þ 1
2a
:
ð5Þ
It follows from formulas (5) that a ¼ b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4 b2
p
: We express the angles of the
pentagon in terms of a; g; t; y :
x0 ¼ 2a; x1 ¼ 90 þ g a
2
; x2 ¼ 180  a; x3 ¼ a
2
þ t;
x4 ¼ 90  aþ y: ð6Þ
Making use of (5) and the formula relating a and b we can express the angles g; t; y in
terms of a:
g ¼ arccos
4 sin2 aþ 4 cos2 a
2
 1
8 cos
a
2
sin a
0
B@
1
CA;
t ¼ arccos
4 sin2 aþ 4 cos2 a
2
þ 1
4 cos
a
2
0
B@
1
CA;
y ¼ arccos
4 sin2 a 4 cos2 a
2
þ 1
4 sin a
0
@
1
A:
ð7Þ
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Since a41; it follows that a430; and bounds on the angles of the pentagon may be
obtained from (6) and (7):
60ox0o180; 73ox1p100; 90ox2o150;
30ox3o156; 41ox4o180:
There is one more relation of this type: xi þ 2xj ¼ 360; i; j ¼ 0;y; 4; xi; xj being
not adjacent and i ¼ 0 and j ¼ 2 cannot occur simultaneously. We thus have the
following 14 systems of equations:
x0 þ 2x2 ¼ 360;
xi þ 2xj ¼ 360:
Substituting (6) and (7) in the second equation of the systems we ﬁnd the angle a and
then determine the angles of the pentagon xi; i ¼ 0;y; 4 by formulas (7) and (6).
By eliminating the identical systems we obtain 10 distinct systems of equations.
The solutions of two of them can easily be found.
(5) By reordering the vertices x0; x1; x2; x3; x4 as x0; x4; x3; x2; x1; the system whose
second equation is x1 þ 2x4 ¼ 360 gives the equations in system 3 in Table 1.
(2) It follows from the system whose second equation is x0 þ 2x3 ¼ 360 that
x2 ¼ x3 and so x1 ¼ x4: See Fig. 5. Since x0 þ x1 þ x2 þ x3 þ x4 ¼ 540; we have
x1 þ x4 ¼ 180; that is, the pentagon is of category II, with x1 ¼ x4 ¼ 90:
The bounds on angles easily eliminate systems 3 and 7. System 3 implies
x1 ¼ 120; but x1p100: In system 7, x3 þ 2x1 ¼ 360; but this sum can never
exceed 356:
The solutions of the eight remaining systems have been found with ‘Maple’. The
results of the study of the 10 systems are presented in Table 2 which is made using the
same rules as Table 1.
To show that the pentagons in systems 1, 6, 8, 9 and 10 in Table 2 cannot tile, we
renumber angles in Fig. 2 for case 1 so that at the vertex in that ﬁgure where x0; x1; x1
meet, x1 is replaced by x2: Then at A; the two angles that meet are (1) x1; x1;
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(2) x1; x4; (3) x1; x3; (4) x3; x4: It is easily veriﬁed that in all cases no angle or sum of
angles in the pentagon can complete the vertex at A:
Thus Tables 1 and 2 show that there are no other equilateral convex pentagons
which tile the plane beyond the three categories mentioned above.
The author is very grateful to Professor Doris Schattschneider for detailed
discussions about the paper. Her numerous suggestions and helpful remarks led to
the correction of various errors in and signiﬁcant improvements to the paper.
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Table 2
N i j a x0 x1 x2 x3 x4
P4
i¼0 mixi ¼ 360 cat
(deg) (deg) (deg) (deg) (deg) (deg) (deg)
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2 2
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